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Summary

Severalimprovementsto computationahblgorithmsfor multipoint linkageanalysisaredeveloped. The
new algorithmsachieze considerablepeed-uppver previous ones,andallow larger familiesto be ana-
lyzed. The algorithmshave beenimplementedn a computerprogram,Allegro. Allegro hasthe same
basicfunctionality asthe well knovn Genehunteprogram,includesthe featuresof GenehuntePlus,

andcontainssomeaddedfunctionality Amongthe supportedeaturesareparametridOD scoresal-

lele sharingLOD scores NPL scoresand haplotyping. The programis simpleto useandacceptshe

samedatafile format as Genehunter It hasbeenusedextensiely andtypical speed-upomparedo

Genehunteis 30-fold.

Thelinkageanalysisof AllegroandGenehunteinvolvesthreesteps. Firstly, determinatiorof single
point probabilitiesof individual inheritancevectors,secondlymultipoint calculation,wheregenotype
informationon neighboringmarlersis takeninto accountandthirdly scorecalculation.Thebulk of the
time usedby Genehuntemvolvesstepsl and3 andit is herethattheimprovementsare greatestthe
key ideais to make useof treetraversalto avoid repeatedtalculationfor similarinheritancevectors.In
additionthe fastFourier transformsin step2 have beenmadefasterin the new algorithms. Finally, a
new technique foundercouplereduction,halvesthe total executiontime andmemoryrequiremenfor
mary large pedigrees.



1 Introduction

The first generallyavailable computerprogramfor linkage analysiswas Liped (Ott 1974; Ott 1976),
which can calculatetwo-point parametric LOD scores for generalpedigreesusingthe Elston-Stevart
algorithm (Elstonand Stavart 1971). Later programsjn particularLinkage (Lathorpet al. 1984; Ter-
williger andOtt 1994)andFastlink(Cottinghametal. 1993),provide multipointparametrid_OD-scores
for afew markers,but theruntime of theseprogramsgrows extremelyrapidly with thenumberof mark-
ers. If the markersare polymorphicwith several alleleseach,the maximumnumberof marlersthese
programscanpracticallyhandleis 3 or 4. Vitesse(O’ConnellandWeeks1995)adds2 or 3 to the pos-
sible numberof markers,but therearesomerestrictionson the pedigreestructure.Otherprogramscan
handlespecialpedigreesfor instanceMapmaler/Sibs(Kruglyak andLander1995).

Multipoint linkageanalysisdor generapedigree®f moderatesize,andinvolving mary markers,was
firstmadepracticalin 1996with theintroductionof the programGenehunte¢(Kruglyaketal. 1996).The
runtime of Genehuntegrows exponentiallywith pedigreesize(the pedigreen Figure4 is closeto the
largesttractable) but only linearly with the numberof markers. However, if thereareno loopsin the
pedigreestheruntimesof thelinkageprogramgiscussedh the previous paragraplgrow linearly with
pedigreesize,sofor themthereis no practicalsizelimit. With Genehuntemultipoint parametrid.OD
scoregmaybecalculatedandin additionthesharingscoringfunctionsSpairs andSa (WeeksandLange
1988; Whittemoreand Halpern1994) may be usedto calculatenonparametric linkage (NPL) scores.
Thealgorithmsof Genehunteuseinheritancevectors,jntroducedby LanderandGreen(1987)whoalso
shaved how to usehidden Markov models (HMM) to calculateprobability distributions of inheritance
vectors. The original versionof Genehunteuseda moreor lessdirectapproacho dothe HMM step,
but in versionl.2this wasreplacedy afastFouriertransformcalculation(Kruglyak andLander1998).

KongandCox (1997)shaved thatNPL scorescansometimese unacceptablyonserative in the
commoncasethatthe genotypedatais incomplete.They suggesteén alternatve, allele sharing LOD
scoresandcreatedh modifiedversionof GenehunteiGenehuntePlus,to calculatethem.

In this paperanumberof improvementdo thealgorithmsusedin GenehuntearepresentedA nev
computerprogram,Allegro, basedon the new algorithms,hasbeenwritten andis available from the
authors.In additionto the calculationof parametrid_OD scoresNPL scoresandallele sharingLOD
scoresAllegro reconstructhiaplotypesn the sameway as Genehunteandestimateshe total number
of recombinationsn a similar way.

Due to the algorithmic improvements,Allegro runs much fasterthan Genehunter Typically the
speed-ups 20—-40fold, but mayin somecasedeashigh as100-fold. In addition,ata costof 10—-30%
in run time, Allegro will, if necessaryuseautomaticrecalculationand/ordisk-swappingto cut down
the memoryrequirement®y a factorof 20-60comparedvith GenehunterHowever, the runtime and
memoryrequirement®f Allegro arestill exponentialin the pedigreesize. The pedigreen Figure3 is
closeto thelargesttractablewith Allegro, but alittle too large for Genehunter

Allegro usesthe fastFourier transform(FFT) methodologyof Kruglyak andLander(1998)to cal-
culatemultipoint probabilitiesof individual inheritancevectors. It emplgs the founderreductionde-
scribedby Kruglyak etal. (1996),reducingthe sizeof inheritancevectorsby onebit for eachfounderin
thepedigreaisingasymmetrybetweerthetwo allelesof thefounder Thecomputationaimprovements
fall in threecateyories. Firstly fasttreetraversalis usedin the calculationof singlelocusprobabilities,
andin the calculationof both parametricandnon-parametriscoringfunctions,oftenspeedingcompu-
tation by two ordersof magnitude.Secondly someclassicalcomputationatechniquesave beenused
to speedthe FFT by a factorof threeor four. Thirdly, symmetrybetweenfoundercouplesis usedto
furtherreducethe sizeof inheritancevectorsandgainadditionalspeed.



1.1 Notation

Thefull inheritance vector, v, for apedigreawith m non-founderss anelemenbf Z2™. In otherwords,
v is a bit-vectorwith 2m binary bits, two bits for eachnon-founderin the pedigree a paternalbit and
amaternabit. For agivenlocus,the paternalbit expressesvhetherthe paternallytransmittedallele at
the locusstemsfrom the grandather(if the bit is 0) or the grandmothe(if the bit is 1), and similarly
for thematernabit. In themainpaperon the Genehunteprogram(Kruglyak etal. 1996)it wasshavn
how onemay insteadwork with reduced inheritancevectors,having n = 2m — f bitswheref is the
numberof founders. For eachfounder the correspondingit of his or her first child is setto 0 and
not expressedn the reducedvector The numberof possible(reduced)nheritancevectorsis N = 2",
Genotypdnformationis assumedo be availableat M marker locations.

The probability of a randomvariabletaking the value z is denotedwith p(z) andp(z|-) denotes
conditionalprobability sothatif g is the genotypedataat all loci andwv is aninheritancevector then
p(v|g) is the probability of v given g. Similarly, if g is the available genotypedataat locusk, then
p(v|gx) denoteghe probability of the vectorv giventhe dataat the locus. This probability the single
locus probability, is alsodenotedwith g (v). If thelocusis understoodthe subscriptk is sometimes
replacedvith afamily index, 4, or droppedcompletely

2 Fast treetraversal

Thebasicstructureof thealgorithmspresentedn Kruglyak etal. (1996),andimplementedn the Gene-
hunterprogram,sto loop overinheritancevectorsin theoutermostoop andover peoplein thepedigree
in aninnerloop. This appliesto the calculationof singlelocusprobabilities,parametridik elihoodand
non-parametriscoringfunctions(Spairs, Sai). Thedravbackof thisapproachs thatfor eachpair of in-
heritancevectorsthatonly differ for branche®f the pedigreepartof the calculationfor thetwo vectors
will beduplicated.

Thegistof the methodpresentedhereinvolveschangingthe orderof looping,andtherebyavoiding
theserepeatectalculations. The innermostsectionsof the algorithmsconsistof looping over inheri-
tancevectorsandpeoplein the pedigreehandin hand. This ideais elaboratedn section2.1 wherethe
calculationof the Spairs Scoringfunctionis takenasanexample. Thereaftethefastcalculationof single
locusprobabilitiesis considered.The calculationof Sy andparametridikelihoodis thendiscussedn
section2.3.

2.1 Example: Sharingin pairs

Assumethat for eachinheritancevectorv a quantity s(v) is wanted. The basicideais to traversethe
pedigreefrom the top down, in factalmostin the sameorderasthe pedigreecameinto existencein
reality. Whenachildis born(i.e.,apersonis addedo the pedigreetherearegenerallyfour possibilities
of assigningnheritancevectorbits, dependingn theresultsof theunderlyingmeiosesl|f (someof) the
bitsaresetto 0 andhidden therearefewerpossibilitiegoneor two). For eachpossibility theinheritance
vectoris appropriatelyupdatedandthe branchof the pedigreestartingwith thechild is descendedThus
in generafour new iterationbranchesarecreated put fewer if someof the bits arehidden. A template
algorithmmay be written up for this idea. Let v be theinheritancevectorcorrespondingo the part of
the pedigreethathasalreadybeentraversed b bethe bit to be addedto the vector andv™ the updated
vector Definea collectionof data,D(v), with the propertiesthatit is cheapto calculateD(v*) from
D(v) andthats(v) is readily calculablefrom D(v). Thecoreof themethodis arecursve algorithm:

addbit(v, D, b):
forb=0,1do
setv™ = (v,b) andcalculateD™ =D(v*)
if therearemorebits, addbit(v*, DT, next bit), elseD* containsdatafor s(v™).



Thecalculationis startedoff by executingaddbit with anemptyinheritancevectorandD appropriately
initialized. Notethatif the calculationof D* ands areboth O(1) thenthetotal time compleity of the
calculationis O(N).

As an example, considerthe calculationof the Spairs Scoringfunction (Weeksand Lange 1988;
Whittemoreand Halpern1994). Let Sp,(v) betheIBD sharingof two peoplep andg givenw (i.e.,
Spe(v) = Tizo Xj—o ¢ij(p,q) Wheregy;(p,q) is 1 if allelei of p andallele j of ¢ areIBD and0
otherwise).Then

SpairS(“) = Z Spq(“)- (1)

(p,q) is apair
of affecteds

Let the founderallelesbe numberedn ananalogousvay to the foundernodesshavn in Figurel1.
Let k; bethe numberof timesfounderallele: turnsup amongthe affected(givenwv), let s bethevalue
of Spairs for the portion of the pedigreealreadytraversedanddefineD = (s, ky, ko, ..., kyr). Whena
bit of anunafectedchild or the first bit of a child with two unhiddenbits is added,D* = D. When
the secondor only bit of anaffectedchild is added et : andj be the sourcef the allelesamongthe
foundersandobtainD* with

st s+ki+k;
k‘zﬂ_(—ki-l-l
kj(—kj—i-l.

Initially D mustbesetto reflectthelBD sharingamongthefoundersandthechildrenthathave bothbits
hidden.Theallelesourcesf a child areeasilyobtainedrom theallele source®f the parentsusingthe
inheritancevectorbits of thechild, anO(1) operation.Thecalculationof D" is alsoO(1) sotheoverall
calculationwill be O(N).
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Figure 1. Examplepedigree. The bits of the inheritancevector and avail-
ablegenotypesirebelonv eachindividualandn, ..., ng arefounder nodes (see
text). Hiddeninheritancevectorbits arein squarebraclets.

As anexample,considerthe pedigreen Figurel with theinheritancevectorshavn. The pedigree
membersareidentified by generatiorand positionwithin the generation;for examplell is the third
personin the secondgenerationcountingfrom left. The reducedvectoris v = (0,1,1,1,1), and
initially s =1, k1 = 1, k3 = 2, k4 = 1 andtherestof thek;’s are0. Whenthebit of Il ; is added(with
valuel),: = 4, j = 5, sis giventhevaluel + 1 + 0 = 2 andk, andks areincrementedo 2 and1



respectiely. Whenthe secondbit of Il 5 is added(with valuesof bothbits 1, asshavn in thefigure),
i =4,j =6,ands become® + 1+ 0 = 3, thevalueof Spairs(v).

The proceduregiven abose may be comparedwith the Genehuntecalculationof Spairs, Which is:
For eachinheritancevectorandeachpair of affectedpeople calculateS,, andaddto Spairs Thetimere-
quiredfor thisis O(Na?) wherea is thenumberof affected.In additionGenehuntedeterminegor each
inheritancevectorthe sourceamongthe foundersof eachnon-foundemllele,an O(Nm) calculation.

2.2 Singlelocus probability calculation

This sectiontreatsthe calculationof the probability of eachinheritancevectoratalocus,givengenotype
datagy, atthelocus(i.e., the calculationof g, (v) for all v). The2f possibleallele sourcesamongthe
foundersarereferredto asfounder nodes andthe populationallele frequeng of anallelea is denoted
with 7,. By Bayestheoremandbecauseheinheritancevectorsareall equallylikely unconditionally

p(gk|v)p(v)
p(gk)

wherex means'is proportionalto”. Considerthe examplein Figure 1, wherethe foundernodesare
shavn asni,no, ..., ng. Thereducednheritancevectorshovn is (0, 1, 1, 1, 1), andwith this vector
the sourcesof the allelesof 1, aren; andns, the allelesof Il comefrom n; andn,4, thoseof Il {
comefrom ny andns andthoseof Il 5 from ny andng. With thegenotypedatagivenin thefigure,there
aretwo possibleallele assignmentto thefoundernodes(a, b, b, a, ¢, b) and(b, a, a, a, ¢, b) (in thefirst
case,for example,the notationmeansthata is assignedo n1, b to ny etc.). Thusthe probability of
observinghis datais

p(vigr) = o p(gelv), 2

P = TEMpTe + ToMoT- (3)
In generalthe probabilityis givenby
2f
plgrlv) = D TI ma (4)
a€P i=1

whereP is thesetof possiblealleleassignments = (a, ..., azf) t0 (n1, ..., nos). By (2) theprobability
distribution of the inheritancevectorsis found by normalizing the numbersgiven by (4). Because
genotypedounderswill for everyinheritancevectorcontritute thesamefactorto eachterm,the product
in (4) mayin factbe taken over just the nodesof ungenotypedounders.The factorwill be cancelled
outin thenormalization.In theexampleabove, |; andll 3 alwayscontritute 7, 7,77, to eachterm.

The probabilitiesgiven by (4) may be calculatedfor eachwv by traversingthe pedigreeasin the
templatealgorithmof section2.1. At eachstagein the algorithmthe foundernodesare classifiedinto
threedisjoint sets assigned nodes, unassigned nodes andedge nodes (A, U/ and¢). Eachnodein A has
beenassignednallelebut thenodesn U have not. £ consistof pairsof nodeseachpairis joinedwith
anedgewhich is labelledwith two distinctalleles(e.g.a/b), implying two possibleallele assignments
to thenodepair (a, b andb, a). If i € A, denotethealleleassignedo i with a;.

Initially, £ consistsof the nodesof the genotypedounderswith anedgejoining the two nodesof
each Jabelledwith his or hergenotypel/ consistof therestof thefoundernodesand.A is empty The
setD consistof this nodeclassificatiorandassociatedllele assignmentWhenbits of anungenotyped
personareaddedo v, D is unchangedAlso, setg(v) to O to startwith.

Now assumehata persongenotyped: /b is addedto the pedigreeandthe associatedinhiddenbits
areaddedto v. Evenif oneor both bits are hidden, it is still necessaryo go throughthe following
calculation,but looping over possiblevaluesof hiddenbits is unnecessargothe total time compleity
of the total calculationdoesnot increaseappreciably Considerfirst the homozygousasea # b. The
valuesof theinheritancevectorbits determinghesourceof theallelesof the persoramongthefounder
nodes.Let e beanedgejoining thesenodes.Thereare6 possiblecasedor the placemenbf theedgee



with respecto thesetsA, U and€, indicatedby the 6 edgesn Figure2, wherethesecasesrelabelled
with circlednumbers.

Figure?2: Classificatiorof foundernodesandpossi-
bilities for addinggenotypedpersons.

In casel bothendsof e arein ¢/ andthey aremovedto £ alongwith the edgeitself labelledwith
a/b. In case, 3and4, lete = (7, 5) with i € A. Now thelabelling of e is eitherconsistenwith the
currentalleleassignmenor not. If it isinconsistenthepedigreeneednotbedescendedry furtherwith
the currentvaluesof the bits, asthe probability of all inheritancevectorswith the currentbit valuesis
0. In case2 it is only necessaryo checkwhetherthe allelesassignedo the endsof e area andb (i.e.,
whether{a, b} = {a;,q;}). If they are,thetraversingmay continuewith D unchangedptherwisethe
assignmenis inconsistentIn case3, simply checkwhethera; is oneof ¢ andb. If it is, assigrthe other
oneto j andmove j from U to A, otherwisethe labellingis inconsistent.In case4, checkfirst if a; is
oneof ¢ andb andif this holds,checkwhetherthe otheroneis consistentvith thelabellingof theedge
f in & adjacento j. If this alsoholds,the allele assignmento bothendnodesof f is forcedandthey
aremovedfrom £ to A. Otherwisethe labellingis inconsistent.In cases and6 it may be necessary
to introducean extra loop in the algorithm. Let e = (¢,j) andfirst seta; = a anda; = b. If this
assignmenits consistentmove i, j, andendnodesof adjacentedgesdn £ to A andcontinuetraversing.
Thentry a; = banda; = a, andif consistentraversewith theresultingassignment.

Thehomozygousase(a = b) is very similar to the heterozygousne,andthe same6 caseseedto
be considered Someof the differencesarethatin casel the endsof e aremovedto A insteadof to £
andin cases$ and6 it is never necessaryo introducean extra loop. Notethatif thereis inbreedingin
thepedigreeijt is possiblethate joins a nodewith itself, whenboth allelescomefrom the samenode.

Whenthetraversingreaches leaf of the pedigreey is a particularinheritancevectorandthe setof
foundernodegtogethemwith theset€ andthealleleassignmentwill be calledthefounder graph of v.

For theprobability calculationa productover theedgesassociatewvith £ is neededLet £ betheset
of theseandlet thealleleslabellinge € £ bea, andb.. Eachtime thelastbit of theinheritancevector
hasbeenaddedto v, ¢(v) is updatedby addingto it:

H Ta; H 27 g, T, - (5)

€A eclE

At theendof thetraversingq is normalized.As in (4) it is all right to take the productsin (5) over just
thenodesof ungenotypedounders.

As anexample consideithe stepsof thealgorithmleadingto theinheritancevectorshavn in Figure
1. Let a; denotethe allele assignedo n;. Initially A = 0, U = {n3,ns} and€ = {n1,no,ns,ng}
with edgedabelleda/b andb/c joining n; andng on onehandandns andng on the other Adding
thebits of II; givesriseto case6, andaloop over thetwo possibleassignment$a;, as,a3) = (a,b,a)
and(b, a, b) is generatedFor bothassignmentsd = {ni,n2,n3}, U = {n4}, and€ = {ns,ne} with
(ns,mg) labelledb/c. Adding thebits of Ill; againgivesriseto case, with e = (n4,n5) labelleda/c.



This time theassignmentay, as) = (¢, a) is inconsistenfindit is only necessaryo considera, = a,
as = ¢ whichis consistenandenforcesag = b. Thuswhenthe bits of the lastperson /il 5, areadded
A consistsof all the nodeswith &/ and& empty Adding thesebits thereforecorrespondgo case2
with e = (a4, a6) labelleda/b andthis is consistenwith both the generatedoops. In thefirst loop
TaTpTaTaTeTp IS addedo ¢(v) andin the secondoop 7wy, ma 7y iS @addedjn accordancevith (3)
(whenloopingonly over ungenotypedounderss,m, andn? areadded).

2.3 Other applications: Peeling and set sharing

Givenphenotypeindgenotypelatafor a pedigreethe parametrid OD scoreatagivenlocusis defined
aslog;, A whereA is thelikelihoodratio,

A Pldo) _ T, p(vlg)p(d]o)
p(d) &>, p(dv)

v is aninheritancevector d is the availablephenotypddiseasestatus)dataandg is the availablegeno-
typedata(atall loci). Themodelis basedon a singlediseasdocuswith two possiblealleles,C andc.
Thepenetranceandpopulationallelefrequencieareassumednownn. Themostefficientwayto calcu-
latep(d|v) is to usea peelingalgorithmasexplainedin the Genehuntepaper(Kruglyak etal. 1996),in
effect a versionof the Elston-Stevart algorithm(ElstonandStewvart, 1971). Hereit is againpossibleto
malke useof recursve traversalto speedipthecalculation,andthis hasheendonein theimplementation
discussedn section5 belov. Theimplementatiorinvolvestwo typesof peelingoperations(a) peeling
all the childrenandoneparenton to the otherparent,and(b) peelingboth parentsandall childrenbut
oneontotheremainingchild. Loopsaredealtwith by breakingthemasin LangeandElston(1975).The
traversalorderis notthe sameasin the previous section.Insteada suitablepeelingorderis decidedon,
andthisthendetermineshetraversalorder Theinitial loopis overinheritancevectorbits of childrenin
thefirst peelingoperationthe next loopis over bits of childrenin the secondperatiorandsoon. Thus
thefirst operationis only performedoncefor all inheritancevectorsthathave the bits of the childrenin
thefirst family setin the sameway, the secondoperationis performedoncefor thevectorsthathave the
bits of thefirst two familiessetin the sameway, andsoon.

Considertheexamplein Figurel. Supposehatlls, Il andlll» arepeeledontoll first. Thiswill,
for eachpossiblesettingof the last 3 bits in the reducednheritancevector involve the calculationof
four numbersassociateavith Il,, namelythe probabilitiesof his genotypebeingCC, Cc, ¢C andcc
giventhe inheritancevectorandthe fact that his childrenare affected. His wife andchildrenwill not
entertherestof the calculation.

Thesetsharingscoringfunctionintroducedby WhittemoreandHalpern(1994)is definedas

2f
San(v) =274 Z H bi(h)! (6)

h =1

whereq is the numberof affectedindividuals, h is a selectionthat picks oneof the two allelesof each
affected,b; (h) is the numberof timesfounderallele: appearsn A (givenw), andthe sumis taken over
the 2? possiblewaysof choosingh. Thecomputationatompleity of (6) is clearlylarge. Takenatface
valueit requiresapproximately2 f2¢ multiplicationsfor eachinheritancevector or aboutf2¢+2m—/+1

multiplicationsfor themall. Usinga slightly modifiedversionof the algorithmin section2.1 the total
compleity canbebroughtdown to around2¢*+2m~f multiplications.

3 Fourier transform and transition

Multipoint calculationsareperformedusinga hiddenMarkov model(HMM, agoodreferences Rabiner
1989)asproposedy LanderandGreen(1987).At a marker locusk, let ;. (v) denotethe probability of



aninheritancevectorv giventhe genotypedataat all loci to theleft of & (i.e. loci ¢ with ¢ < k) andlet

rr(v) denotethe probability of v giventhe genotypedatato theright of k. In the following the product
zy of two vectorsdenoteghe vectorwith i-th component;y;, andthe differencebetweenbit-vectors
is takenmodulo2, sothatz — y is 1 in positionswherez andy differ andO wherethey arethe same.
Let the recombinatiorfraction betweertwo adjacentoci, v andy’, bed, andlet T, € R?" denotethe
transitionprobabilitiesbetweerthem,sothatp(vectoris v at+y | vectoris w aty') = Tp(v — w). Then
Ty(u) = /(1 — )"~ I*, where|u| denotegsheweightof » (the numberof 1 bitsin u). Bayestheorem
impliesthatthe probability distribution of the vectorsatlocusk, giventhe datato theleft of k£ andatk,

is proportionalto l;,g;, andthereforel, 1 o (Ixqx) * Ty, , Whered, is the distancebetweermarkersk

andk + 1 and= is corvolution,

(fxg)(@) = flz—v)g(v). ()

In the sameway, 7, o (rx+1qx+1) * Ty, . The probability distribution of the inheritancevectorsat &
givengenotypeadatag atall loci maythenbe obtainedthroughp(-|g) o lxgrrk(v).

A way of calculatingthe corvolution (7) usinga fastFouriertransform(FFT) is given by Kruglyak
andLander(1998).The Fouriertransformf of f is definedthrough

flw) =3 (=1)""f (v),

v

andtheinversetransformis obtainecthroughf = 2" f. Fromthisit followsthat f x g = (fg)”. At face
valuethe calculationof f * g using(7) requires2?” multiplicationsandthe samenumberof additions.
Howeverwith the FFT f maybecalculatedisingn2™ additionsandno multiplications(seesection3.1),
andfurthermoreKruglyak andLandergive a closedform for 7. Thusthetotal calculationtime for (7)
is broughtdown to about2™ multiplicationsand2n2™ additions.

Note theimportantproperty thatthe transitionprobability from » to w only dependsn the differ-
encew — v. ThattheFouriertransformis applicaplen this calculation depend®n this fact.

3.1 Faster FFT

TheFFT algorithmfor f describedy Kruglyak andLander(1998)andusedin the Genehunteprogram
istosetfy = f andthencalculatingfori =1,2, ..., n:

fi(v) = (=1)" fi_1(v) + fic1(v — ;) (for all v in Z3) (8)

wheree; is the i-th unit vectorand f; overwrites f;_; in memory After this calculationf,, contains
f. The numberof additionsfor the calculationis n2". However, on moderncomputerswith several
CPU registersandcachememory thetime requiredfor the calculationmay not simply be governedby

n2". Accessinghe registersis fastestaccessindhe cacheis slower andthe main memoryis slovest.
If the programcalculateq8) by looping over all possiblevaluesof v, andn is so large that f; does
notfit into the cacheall at once(typically for » largerthanabout13) frequentswappingof datain and
out of the cachewill result. To reducethe necessargwapping,one may recursvely make useof the
propertyof the Fouriertransformthatif f is partitionedinto two equallysizedsutvectors,f = (g, h),

thenf = (g + h,g — h). Now partitiong and similarly andso on, until eachsubvectorfits into the
cache.Thenuse(8) to find the transformof the sulvectors.Note thatbecausehe sizeof f is apower
of 2, the subvectorsin eachpartitioningcanbe madeequalin size.

Thedirectimplementatiorof (8) involvesnestedoops,i is loopedover in the outerloop and K in
theinnerone.To take advantageof thefastCPUregisters,(8) maybeimplementedy “unrolling” these
loops. An exampleof unrolling is to rewrite the programfragment“for ¢ = 1,...,2, for j = 1,...,4,
let a;; < 2a,-1;" aS“a11 ¢ ao1; @21 < ai1; aze < ai2”. An extrabonusmay be thatunrolling
eliminatesthe bookkeepingcostof loops. The numberof floating point registersin moderncomputers



is typically 16 or 32, andit turnsout thatfor larger n the original not unrolledversionof (8) is faster
thantheunrolledversion,possiblybecauséhenthe f; donotall fit into theregisters.Theoptimalvalue
of thelargestn for which unrollingwill payoff is somevhatdifferentbetweercomputers.

A finalrathertrivial improvements to replacemultiplicationby 2 thatentersanto theimplementation
of (8) by theleft shift operator<.

To assesshe speed-umttainableby thesemodificationsof the FFT algorithm, timing testswere
carriedout for several differentvectorsizeson four differentplatforms. Loopswereunrolledfor all n
lessthana given parameterMAXUNLOOP andthe testsincludedtrying out differentvaluesof this
parameterThe platformstried were: (1) SunUltra Enterprise450 running Solarisusingthe Gnu C++
compiler (2) the samecomputerusingthe natve CC compiler (3) 200MHz DecAlphawith GnuC++,
and(4) 500MHz Pentiumlll runningLinux with GnuC++. For 12 bit vectorstheaveragespeed-upvas
by afactorin therange2.4—-3.3(2.8 on average)for 15, 18 and21 bits by a factorin therange2.8-5.3
(average3.5), andfor 24 bits the speed-upvas somevhat lower, in the rangel.9-2.7(average2.4).
Thesevaluesincludethe saving obtainedthroughusingrecursion(25—-75%) loop unrolling (25-75%),
andthe left shift operator(5—10%)and are basedon choosingMAXUNLOOP asthe value that was
mostoften optimal on eachplatform (3 for both compilersonthe Sun, 2 for the Pentiumand4 for the
DecAlpha).

4 Founder couplereduction

Thefounderreductiondiscusse@dbore andemplo/ed in Genehunteresultsin considerablesasingsin
computettime, oftenby severalordersof magnitude For eachfounderin the pedigreghetime required
is halved. A brief overvien of the mathematic®ehindthe founderreductionis givenhere followed by
adescriptionof the new foundercouplereductionandthe mathematicatomplicationst introduces.

The founderreductionis basedon the symmetrythat exists betweenthe two alleles/haplotype of
afounder More specifically let v be a configurationof the inheritancevectorwithout founderreduc-
tion. Supposefor a male (female)founder thatv’ is obtainedby addingl (mod 2) to all the paternal
(maternal)bits of his (her) offspring. The two configurationsy and+' areindistinguishablebasedon
theobseredgenotypedata,i.e., p(v'|genotypedatg = p(v|genotypedatd, andcanbegroupednto an
equvalenceclass. Onerelevant featurehereis that the equivalenceclassesagainform a groupunder
addition(mod 2). Notice thatfor ary two configurationsy andw, the four cases{v + w), (v + w'),
(v + w) and (v’ + w'), all belongto the sameequialenceclass. Indeed,(v + w) = (v' + w'), and
(v+w) = (@ +w) = (v+w)'. Asaresult,astepin theHMM calculation(e.g.,the calculationof
lx+1 from;qx) correspond$o acorvolution, andtheFouriertransformapproactwill continueto work.
Kruglyak andLander(1998)shav how to calculatethe Fouriertransformof thetransitionprobabilities
for theequvalenceclasses.

Considera pedigreewhich hasa couplewho areboth founders(foundercouple),have at leastone
grandchild,areboth not genotypedanddo not have childrenwith othermates.The symmetrybetween
the membersof this couple can be usedto further reducethe amountof computationand memory
requirementdy approximatelyafactorof two. Specifically for eachgrandchildof thefoundercouple,
definethe ‘correspondingoit’ asthe paternalbit if the fatherof the grandchildis the offspring of the
foundercouple,anddefinethe ‘correspondingpit’ asthe maternalbit if the motherof the grandchild
is the offspring of the foundercouple. Let v be someconfigurationof the inheritancevector andlet
v* belike v with two modifications: (1) 1 is added(mod 2) to the correspondingoit of eachof the
grandchildrerof thefoundercouple,and(2) thepaternabit andmaternabit of eachchild of thefounder
coupleareswitched.If thefoundercouplearenot genotypedthenthe datacannotdistinguishbetween
v andv*. Hencev andv* canagainbe groupedinto anequvalenceclassasin the caseof thefounder
reduction.

Thereis, however, onecomplication.The equivalenceclasseso createddo not form agroupunder
addition (mod 2) asillustrated by the following example. Focuson 3 bits wherethe first bit is the



correspondingpit of a grandchildof the foundercouple,andthe secondandthird bits arethe paternal
and maternalbits of an offspring of the foundercouple. Letv = (1,0,0) andw = (1,0,1). Then
(v+w) = (0,0,1) and (v + w)* = (1,1,0), but (v* + w*) = (0,0,0) + (0,1,0) = (0,1,0). Since
(v* + w*) is neitherequalto (v + w) nor (v + w)*, (v + w) and(v* + w*) do notbelongto the same
equvalenceclass.Becausef this complicationthe HMM calculationof the multipoint probabilitiesof
theequivalenceclassesiolongercorrespondo acorvolution, andhenceonecannotapplythetheoryin
Kruglyak andLander(1998)directly to handlethe Fouriertransforms.Our solutionto this problemis
to performtwo separateorvolutions,insteadof one,andthentakingthe sum. The computationatime
canstill behalved,becaus¢heingredientghathave to bepreparedor performingthetwo convolutions
areessentiallythe same.The detailsareleft to theinterestedeader Thetechnicalitiesmay be deduced
from the sourcecodeof the program.

With the founderreductionandthe foundercouplereduction,the effective numberof bits for both
computationatime andmemoryrequirementss 2m — f — ¢ wherec is thenumberof foundercouples
satisfyingthe statedconditions.

5 Implementation: Allegro

Themethodgdescribedn this paperhave beenincorporatedn a computemprogramfor multipoint link-
ageanalysis Allegro, which is availablethroughthe internetsite http://wwwdecode.is/allgro andthe
emailadressallegro@decode.isAs statedn theintroduction,Allegro hasthe samebasicfunctionality
as Genehunterbut alsoincludesthe functionality of GenehuntePlus. Thus Allegro calculatesmul-
tipoint parametricLOD scoresNPL scoresallele sharingLOD scores reconstructiorof haplotypes,
estimatedrecombinationcountbetweenmarlkers (obsered map), p-valuesfor NPL scores(basedon
perfectdataapproximation) andentropy information. The X chromosomes supportedn all calcula-
tions.

The major adwantageof Allegro over Genehunter/Genehuntlusis its speedandreducedmem-
ory requirementIn additionAllegro offers somefunctionalimprovements asdetailedin the following
subsectionsTheadd-ondncludeadditionalscoringfunctions,alternatve informationmeasuresimula-
tion of thecrosseer processunderthenull (i.e. no linkage)given all the genotypedata,andsimulation
of multipoint genotypedataunderthe alternatve of a singlegeneparametricdiseasenodelgiventhe
phenotypes.

Themainspecificlimit in Allegrois thatthe sizeof inheritancevectorsafter bit reductionmustnot
exceed31 bits. Thereareno specificlimits on the numberof markersor founderswhereassenehunter
hasalimit of 50 markersand16 non-founders.

Onefurtheradwantageof Allegro is that multiple analysesnay be performedtogetherat little ex-
tra cost. For exampleit canin onerun fit several different parametricmodels,use several different
scoringfunctionsand/orfamily weightingschemespr computeboth singlepointandmultipoint LOD.
Genehunters limited to oneparametri@andonenon-parametrienodelperrun.

Allegro hasbeentestedextensively at DecodeGeneticslt hasbeenusedto analyzeseveralthousand
pedigreesthe outputhasbeencomparedwith thatfrom otherlinkage analysisprograms(Genehunter
andLinkage)anda fair amountof effort hasbeenputinto eliminatingprogrammingerrors.

5.1 Statistical inference

For multipoint linkageanalysesAllegro supportsoth classicalparametrionodels,andthe allele shar
ing modelsdescribedn KongandCox(1997).For compatibilitywith Genehunteit alsocalculatesNPL
scoreqasdefinedby Kruglyaketal., 1996). Comparedo the parametrid_OD scoresthedefinitionand
interpretationof the allele sharingLOD scoresarelesswell known, andso a brief review is provided
here.ThescoringfunctionsandweightingschemeshatAllegro providesfor allele-sharind-OD scores
will alsobedescribed.



In thefollowing, subscript denotesiependencenthei-th family, andthenotation‘}_,, ..." means
summingover all configurationsof the inheritancevectorof family i. Givena non-parametriscoring
function suchas Spairs Or Sa, definedin (1) and (6), let S; be the scorefor family 7 and Z; be the
standardizedorm of S;, i.e., Z; = (S; — u;)/o; wherep,; ando; arethe meanandstandarddeviation
of S; underthenull hypothesiof nolinkage. For ary locus,the NPL scoreis definedas

i viZi
V2i?

where Z; is the expectationof Z; conditionalon the genotypedata,i.e., Z; = > v, P(vilgi) Zi(vi) (as
beforep(-|g;) denoteshedistribution of inheritancevectorsin thei-th family andatthelocusof interest,
conditionalon all the genotypedataon the family, andunderthe null hypothesisof no linkage). The
v;'s arefamily specificweightswhich Genehuntesetsto be equalfor all families. Whenthe genotype
dataprovide completelBD informationso that Z; = Z;, the NPL scorehasmean0 and variancel
underthe null hypothesis.To obtainp-values,one caneitherusea stardardnormal approximationor
evaluatethe exact distribution of the NPL scoreassumingcompletelBD information. But, whenthe
IBD informationis incomplete thesewaysof calculatingp-valuestendto be conserative, becausehe
varianceof the NPL scoreis nowv smallerthan1 underthe null hypothesis.

Toresolhe theproblemof theconserativenessKongandCox (1997)proposedwo modelsalinear
model andan exponential model, which areboth closelyrelatedto the NPL score.In thelinear model
the probability of aninheritancevectorv; for thei-th family, atthelocusof interest,js modelledas

plold) = {1+ DI

i

NPL =

Herec; is 1/N; (the probability of v; underthe null hypothesif no linkage). The linear parametes
canbe thoughtof asmeasuringhe size of the geneticeffect andis 0 underthe null. The exponential
modelis formulatedas

07:[Si (vs) —
pold) = i) exp { 101
7
wherer; () is anappropriaterenormalizatiorconstanthatensuresy . p(v;|d) = 1 (e.g.,;(0) = 1).
Again ¢ is 0 underthe null and large for a large geneticeffect. For both the linear model and the
exponentialmodel,the LOD scoreis definedas

- ﬂ
LOD =logg ———— ( Zl (6110 = 0)

whered is the maximizerof p(g|5). Computationally one takes advantageof the propertythat the
distribution of g; dependson ¢ only throughw;, which meansthatp(g;|vi, §) = p(gi|vi,d = 0). Also
recall thatp(g;|v;) denoteghe conditionalprobability assumingno linkage,sothatp(g;|v;,d = 0) =
p(gi|vi). It follows that

p(gz|5) = Z gmvzw Zp gz|'U17 'Uz|5 Zp gz|'UZa = ('Uz|5)

pmM—O
p(vi|6 = 0)

= ip(gz‘|5 =0 Zp (vilgi)p(vild)

Vi

'Uz|gu = O)p('Ui |6)



and

) 5, p(vrlg)p(wil9)
LOD = 3 logio &= e Tap(ondd = 0)
(
1

B Yo, P(vilgi)p(vi]9)
= 21080 ) (17N

= Z log ZP vilgi)p(vil8) + Z log,( N,
g v; %
For thelinearmodel,it is shavn by KongandCox thatthe LOD scorecanbefurthersimplifiedto

LOD = Z logy(1 4 6v: Z;).
i

For both the linear and exponentialmodels,the LOD scorecorresponds$o a standardik elihoodratio
statistic,i.e.,2In 10-LOD hasasymptoticallya chi-squarelistribution with onedegreeof freedomunder
thenull. Indeed sincethesignof § is relevant, defineZ;, = sign(é)/(21n10 - LOD). Asymptotically
underthenull, Z;, hasa standarchormaldistribution, andapproximatep-valuescanbe computedased
onthat. Forbothmodelsg > 0 correspondto excesssharing(E(Z;) > 0) while negative § corresponds
to deficitsharing(£(Z;) < 0). Hence whentestingfor linkage, it is naturalto focuson positive values
of §. For example,KongandCox definethe LOD scoreby maximizingonly over positve valuesof §.
In Allegro § is maximizedover both positive andnegative valuesfor the following reasons;(1) while
a substantiaLOD scoreassociateavith a negative § is not evidencefor linkage, it may suggeserrors
in thedata,(2) alocuswith a negative § valueis even moreunlikely to be a susceptibilitylocusthana
locuswith & aroundzero,(3) by allowing é to be negative, thereis a directcorrespondenceetweenZ;,
andthe NPL score,i.e., they shouldbe closeto eachotherfor large samplesf the IBD informationis
complete,and(4) somemeasure®f information (seebelow) requirethat<§ be allowed to be negative.
Obsere thatit is very importantto noticethe signof § wheninterpretinga LOD score.Indeed,when
theresultsaredisplayed plotting eithersign(ﬁ) - LOD or Zj, isrecommended.

Whend is small,thelinearandexponentiaimodelsarevery similar. With largesamplesandcomple
diseasethisis likely to bethe caseandthe LOD scoresof thetwo typesof modelarelikely to bevery
similar. Also, if the IBD informationis complete thenthe NPL scoreis the classicalefficient score
statisticfor both models,which meansthat the test basedon the NPL scorewill be very similar to
the testsbasedon the LOD scoresof the two models. Indeed,whenthe IBD informationis complete,
thereis a oneto one correspondencbetweenthe NPL scoreandthe Z;, scorefor the exponential
model,which meanghatthetestsbasedn thetwo statisticsareformally equivalent. However, normal
approximationtendsto work betterwith Z;, thanthe NPL score(seeNicolaeet al. 1998). Badneret
al. (1998)compared\PL scoreswith the LOD scorescomputedwith the linear modelandfound the
latterto have morepower andto be bettercalibratedin all casegested.In their study the NPL scoreis
soconserative thatthe power is sometimesven belov thenominal Typel error Thisis becausehey
performtwo-pointanalysesndtheinformationis very farfrom complete.

As a default, we recommendhe exponentialmodelover the linear model, althoughthe former is
notinherentlysuperior As noted theexponentialmodelis morecloselyrelatedto theNPL score.Also,
normalapproximationcanwork betterfor the Z; of the exponentialmodelthanthe Z; of the linear
modelwhentherearea smallnumberof families,or thefamiliesarevery differentin size.In this sense,
the exponentiaimodelis morerobust.

The mainoutputfiles of Allegro for allele sharingcontainthe valuesof 4, the LOD score,Z,, and
the NPL score. For equalweighting of the families(y; = 1 for all ¢), the NPL scorecomputedby
Allegro is exactly the sameasthe NPL scorewhich Genehuntercalculates. The files also containa
measuref theinformationcontainedn the dataat eachlocus,bothfor individual families,andfor all
thefamiliescombined.Thecombinednformationmeasurés givenby equation(2.2)in Nicolae(1999);



it is alwaysin theintenal [0, 1] andis 1 if theinformationonthe S;’sis complete(i.e., if thegenotype
datauniquelydetermineghe sharingbetweeraffecteds).It is moredifficult to definea goodperfamily
informationmeasureareasonablehoiceis theonegivenby equation(2.4) in Nicolae(1999),andthis
is whatAllegro uses.Oneof thedravbacksof this measuras thatit is notguaranteedb be positve. In
additionto thesemeasuresAllegro cancalculatethe entropy informationIg of Kruglyak etal. (1996),
as Genehuntedoes. Note that becauseof the foundercouplereductionthe valuesof I calculated
by Allegro canbe differentfrom thosecalculatedoy Genehunter For example,if therearedataon a
cousin-pairbut notontheir parentsanda highly informative markerimpliesthatthe cousin-pairshares
oneallelewith probability closeto one,thenIy ~ 1/2 for Genehunterbut I ~ 2/3 for Allegro. If
perfectlyinformative genotypesare also availablefor all four parentsof the cousinsthenIy = 3/4
for Genehunterbut for Allegro I = 1. This examplehighlightsthe factthatthe informationmeasure
producedby Genehuntecan be substantiallybelov 1 even whenthereis no moreinformationto be
gainedregardingallele sharingof the affecteds andfurthergenotypingcanbe a wasteof resources.

Allegro supportdfive scoringfunctions, Spairs, Sail, Srobdom Smnallele @A Shomoz Smnallele IS MINUS
the statistic(A) of SobelandLange(1996)andis called S_xajelesin McPeek(1999). It is designed
to be appropriatefor a recessie disease.Syopdom Was introducedby McPeek(1999)andis designed
to be appropriatefor a rare dominantdiseasewith somephenocopies. Shomoz is like Spairs, €xcept
thatwhenthereis inbreedingandanindividual is homozygoudBD he may contrikute to the scoring.
McPeek(1999)discusseshe differentscoringfunctions,andin summarysherecommendsSairs asa
compromisechoicefor a scoringfunctionthatperformswell over all diseasanodels.Shefinds Syopdom
to beslightly morepowerful than Sy (andeasierto calculate)in the dominantcasesandrecommends
Smnallele fOr recessie diseases.

Allegro canaccepithe family weights~; in threedifferentways: (1) all weightsaresetto 1 (equal
weights,correspondingo theweightingschemef Genehunter)2) for agivens, theweightsaresetto
o? for all 4, and(3) theweightsarespecifiedfor eachfamily individually. Option(2) is mostmeaningful
whenusedwith the scoringfunction Spairs Here,choosings > 0 correspondso putting moreweight
on largerfamilies(with moreaffecteds).Choosings = 1 meanghe S;, insteadof the Z;, areweighted
equally and corresponddo weighting all affectedpairsequally Lange(1997,pp. 96—97)discusses
different weighting schemesand suggestausing a generalizatiorof the schemeproposedby Hodge
(1984),asa compromisebetweenweightingfamiliesequally (option (1) or s = 0) andweightingwith
s = 1. Oneway of obtainingsucha compromiseis to sets = 1/2, which currentlyis our preferred
default,andshouldbe quite closeto theweightingschemesuggestetby Lange.Option (3) providesthe
userwith completeflexibility, andcanbe usedto performthe type of conditionalanalysisdescribedn
Coxetal. (1999).

5.2 Haplotyping and Simulation

Haplotypingis animportantingredientin locating diseasegenesandas statedabove, Allegro recon-
structshaplotypesapproximately Definean inheritance vector path to be a setof inheritancevectors,
oneat eachlocus. The haplotypereconstructioris obtainedby first calculatingthe mostlikely inheri-

tancevectorpath,usingthe Viterbi algorithm (Viterbi 1967),which is an applicationof dynamicpro-

grammingto hiddenMarkov models.Having obtainedthis, the mostlikely allele assignmentor each
vectorin the pathis foundusingthe correspondindgoundergraphgseesection2.2), thusproducingthe

desiredhaplotype.The haplotypeproduceds the sameasthatgiven by Genehuntetbut the algorithm

in Allegro takes adwantageof both the founderreductionandthe foundercouplereduction,whereas
Genehunteworkswith full inheritancevectors.Thisis the primaryreasorfor thelarge speed-umf the

Allegro haplotypingcomparedwith thatof Genehunterexhibitedin the next subsectionThe program
Simwalk2 (Sobelet al. 1996) usesthe samemodellingfor haplotypingbut the first step(i.e., finding

themostlikely inheritancevectorpath)is solved approximately Note thatthis type of modellingis not

guaranteedb find the mostlik ely haplotype put theresultshouldbereasonablylosein mostcases.



Allegro offers two typesof simulation,the crosseer processmay be reconstructedby simulation
giventhe genotypegassumingno linkagewith a disease)andgenotypesnay be simulatedgiven phe-
notypesanda single geneparametricdiseasemodel. The first type of simulationessentiallyinvolves
drawing a randominheritancevector pathfrom the conditionaldistribution of suchpaths(conditional
on the genotypedata). This randomdrav usesthe probabilitiesq;, andi; (seesection3). The second
type of simulationis carriedoutin threestages.n thefirst stagepeelingis usedto obtainthe distribu-
tion of inheritancevectorsatthe diseasdocusgiventhe diseasenodelandthe phenotypesThe second
stagedraws an inheritancevector from this distribution andthe third stageinvolves generatingall the
genotypedataby simulatingthe crosseer processn bothdirectionsfrom thelocus.

5.3 Observed Map

As GenehunterAllegro computesan ‘obsened’ map, but this mapis definedslightly differently from
thatof GenehunterFor two adjacentnarkers,Genehuntefirst calculateghe ‘obsened’ recombination

fraction o .
E(number of recombinations|g, input map)

0 = -
number of meioses

whereg denotesall the genotypedata. Thenthe Haldanemap function is usedto convert 4 to the
‘obsened’ geneticdistancej.e.,

1 .
= ~3 In(1 — 26).
By contrastpur ‘obsened’ geneticdistanceds defineddirectly as

E(number of crossovers|g, input map)

T =

number of meioses

Theunitsof bothz andz arein Morgans;multiplying by 100corvertsto centiMogans(cM). Also, for
both GenehunteandAllegro, z andz for the whole chromosomere calculatedoy summingover the
Z’sandz’s of adjacenmarker pairs.

The differencebetweenz and z is subtleandtendsto be smallwhenthey are calculatedfor the
combineddataof mary families,but thedifferencecanbe substantiafor anindividual family. Consider
a family consistingof a sib pair andthe two parents.Whenthe markersareperfectlyinformatwve, it is
possibleto deducenhetherthetotal numberof recombination®f thetwo paternaimeiosesombineds
odd(one)or even (zeroor two), andsimilarly for the maternaimeiosesBut thereis no directevidence
on whethera particularmeiosishasa recombination For two adjacenmarkers,supposawo recombi-
nationsareobsered, onein thetwo paternaimeiosesandonein thetwo maternameiosesthené is 2/4
andz is formally infinity. In this situation,Genehuntesetsz, somavhatarbitrarily, to be 999.9cM. If
thetwo adjacenmarlkersarespecifiedas10 cM apartby theinputmap,thenz = 50.7cM.

For two marlersthatare10cM apart,the chanceof having two recombinationspnefor the paternal
meiosesandonefor the maternalmeiosesijs 0.027.However, given 31 markerson achromosomel0
cM apart,the chanceof this happenindgor at leastonepair of adjacentmarkersis over 50%. It means
that,if themarlersareall completelyinformative, thenz for thewhole chromosomaevill beinfinity (or
999.9cM with the Genehuntetruncation)or morethanonehalf of thesib pairs. Also, two differentsib
pairswhich have thesamenumberof recombinationsverthesamechromosomeanhave very different
valuesof z if onepairhappengo have recombination$or boththe maternakndpaternaimeiosesn the
samemarler intenal, andonepair doesnot. By contrast,z for the chromosomewill be the samefor
thesetwo sib pairs. In generalwe feel thatZ is moreappropriatavhenthe ‘obsened’ mapis usedto
assessvhetheran individual family hasan unusualnumberof recombinations/crosseks which may
resultfrom genotypingerrorsor misspecifiedelationshipsAlso worth notingis thatthe expectationof
Z is exactly the actualgeneticdistancef theinput mapis correct,andz for the familiescombinedis a
weightedaverage(weightedby the numberof meiosespf the z’s of theindividual families,properties
thatareobviously notsharedoy .



Finally, notethatit makessenseo focusonly onmeiosesvhichonecanpotentiallyhave information
onrecombinations/crosesers Specifically if afounderhasa singlechild, thenthe datacannotprovide
ary crosseer informationregardingthatmeiosis.With Allegro, thesemeiosesreleft outfor thecalcu-
lation of Z in boththe numeratoranddenominatar Genehuntealsoattemptgo do that. However, it is
notconsistentn how it treatstheindividual familiesandthefamiliescombined.Themostcuriousthing
is thatin the calculationof @ for the families combined the numeratorincludesthesenoninformatve
meiosesvhile thedenominatodoesnot.

5.4 Run time experimentation

Allegro hasbeentimed againstversion1.3 of Genehunte(timing trials indicatethatthe more recent
version2 of Genehunteis in factslowverthanversionl.3),andtheresultsfor four differentpedigreesre
summarizedn Tablel. The pedigreeF24is shavn in Figure3, F18is obtainedfrom this by removing
individualsll 7, lllg andlll; (i.e. individuals 7, 8 and 11 in the third generationcountingfrom the
left), F12is obtainedby furtherremoving lll 3, IV andlV 4, andFLoopis shavn in Figure4. Artificial
sampladata(basednrealdata)for 50 markerswasanalyzedandNPL scoresaswell asparametrid. OD
scoresverecalculatecat markersandat onelocusmidway betweereachpair of markers. Theruntimes
for Allegro includethe time neededor allele sharingLOD scores. To obtainthesewith Genehunter
requiresthe modifiedversionGenehuntePlus, but the run time increasds negligible. In the testdata
thereare2.2%missinggenotypegfor thegenotypedndividuals)in F24,2.0%missingin F18,1.4%in
F12andin FLoop4.8%of thegenotypesaremissing.

Table1 givesresultsof the run time experimentatioron a SunUltra Enterprise450 computermwith
2 Gb of memory Eachrun consistsof one parametricandonenonparametri@nalysisfor 50 markers.
Notice the halving of executiontime whenthe foundercouplereductionis usedfor F12,F18andF24,
andthat this saving is fourfold for FLoop which hastwo foundercouples. Recallthat to make this
reductionpossible the memberof the foundercouplesmustnot be genotyped.Theoreticallythe time
compl«ity of the FFT, which is the dominatingcalculation,is of the orderof n2™ wheren is the bit
size. Theruntimesshavn in thetableroughly confirmthis. Note thatdisk swappingandrecalculation
slow the F24 calculationsomavhat. Runtimesfor 14, 16, 20 and 22 bit pedigreesalsoobtainedby
deletionof ungenotypedeavesfrom F24,wereobseredto bein line with the numberggivenin Table
1. Genehuntecannothandlea pedigredargerthanF18for 50 markerson this computer

Timing experimentswere also carriedout on a 500 MHz Pentiumlll computerrunning Linux.
Someavhatdisappointinglythe speed-ugactorsof Allegro comparedvith Genehunteturnedout to be
lower thanon the Sun. The averageof all the factorsin Tablel is 44.8,but the correspondingverage
for the Pentiumis 33.8.

Table 2 shavs the proportionof the total time spenton individual stepsin the multipoint analysis
of the pedigreed-18 andFLoop, bothfor Allegro andGenehunterThe computatioris the sameasfor
Table 1, without haplotypingandwith foundercouplereduction. The figuresfor Genehunterre for
versionsl.2 or 1.3, which have identicalcomputationakngines.The numberdor both programswere
obtainedby runninga profiling program,andthenconfirmedby multiple runs,choosingin the control
files differentanalysego be performedin eachrun. The breakdevn is (obviously) more accuratefor
Allegro, but shouldbe fairly accuratdor Genehunterlso. The large speed-upmbsered for the single
point calculationand peeling(for parametricscore)is effectedby the fasttreetraversalmethodology
andthe foundercouplereduction(which doublesthe speedor F18 andquadruplest for FLoop). The
speed-umf the HMM stepis dueto thefasterFFT, the foundercouplereduction,andsomeadditional
differencedetweerthetwo programs.

Kruglyak and Lander(1998) statethat the HMM stepdominatesthe overall calculationof NPL
scoregandLOD-scoredor loop-lesspedigrees)n all versionsof Genehunteexisting at thetime (ver-
sions1.0,1.1and1.2). Table2 providesevidencethatthis is incorrect,andthatinsteadit is the single
point calculationthatdominates For Allegro, on the otherhand,the HMM calculationdominatesand



it is clearthatspeedmpraovementsherewould be mostimportant.

6 Concluding remarks

Futureresearchand/orimprovementsto the Allegro programcould includethe incorporationof quan-
titative trait analysis,a way of dealingwith interferencen the crosseer processhandlingof different
recombinatiorratesfor thetwo sexes,anda robustway of dealingwith errorsthatunavoidably exist in
thedata(includingbotherrorsin the genotypedataandthe marker map).

It would beimportantif robustapproximationtechniquesthatwould enablelarger pedigreego be
analysedcould be developed. Onewould alsolike to be ableto dealwith the factthatfoundersmay
notbeindependen(i.e. unrelatedneitherwithin nor betweerpedigreesit maybe possibleto estimate
how relateda pair of founderss, andmale useof this, evenif it is eithernot possibleor feasibleto use
thedetailedpedigreeof theirrelatedness.
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Figurelegends

Figure 3. Pedigred-24usedin runtime experimentationThebit sizeis 24 or 25dependingnwhether
foundercouplereductionis usedor not. Filled in individualsareaffected,the othersaretreatedas
having unknavn affection status,andgenotypesrenot availablefor individualsthatarecrossed
over. Thepedigrees-18andF12areobtainedfrom F24 by deletingunafectedleaves. Seemain
text for moredetails.

Figure 4. Pedigred-Loop,containinga simplemarriageloop, usedin runtime experimentationlf the
two foundercouplesareusedto reducethebit sizethisis a 17 bit pedigreejf notthebit countis
19. Filled in individualsareaffectedandgenotypesreunavailablefor crossecverindividuals.



